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Abstract

The securitiesmarket is the fundamentaltheo-
retical framework in economicsandfinancefor
resourceallocation under uncertainty. Securi-
ties serve both to reallocaterisk andto dissem-
inateprobabilisticinformation.Completesecuri-
tiesmarkets—whichcontainonesecurityfor ev-
ery possiblestateof nature—supportParetoop-
timal allocationsof risk. Completemarketssuf-
fer from thesameexponentialdependenceonthe
numberof underlyingeventsasdojoint probabil-
ity distributions. We examinewhethermarkets
canbe structuredand“compacted”in the same
mannerasBayesiannetwork representationsof
joint distributions. We show that, if all agents’
risk-neutralindependenciesagreewith the inde-
pendenciesencodedin themarketstructure,then
themarket is operationally complete: risk is still
Paretooptimallyallocated,yet thenumberof se-
curities can be exponentiallysmaller. For col-
lectionsof agentsof a certain type, agreement
on Markov independenciesis sufficient to admit
compactandoperationallycompletemarkets.

1 INTRODUCTION

A large portion of the world’s economictransactionsin-
volve theexchangeof risk. For example,insurancepolicy
holderstransfersomeof their risksto insuranceproviders,
in exchangefor surepayments.Farmershedgeagainstthe
dangersof adverseweatherby exchangingfutureswith less
risk-aversespeculators.Insurancecontracts,futures,op-
tions, derivatives,andeven stocks,serve to continuously
reallocaterisk aroundtheglobe.

All of thesepotentiallycomplex financialinstrumentscan
be modeledas portfolios of much simpler instruments,
calledsecurities. Securitiesareessentiallylottery tickets:
they payoff in somegood(e.g.,money) contingenton the

outcomesof uncertainevents.A key resultin thetheoryof
economicsunderuncertaintyis that, if agentshave access
to “enough” securities(i.e., accessto a completemarket),
thenequilibriumallocationsof risk areParetooptimal.Un-
fortunately, “enough” is, for all intentsandpurposes,too
much:thenumberof requiredsecuritiesis equalto thesize
of the joint spaceof all relevant uncertainevents,and is
thusintractablein any realisticsetting.

Theprospectof representingprobabilitiesover joint event
spaceswas once viewed in much the same light—
theoreticallyideal, but practically unachievable. The ad-
vent of graphicalmodeling languages,and in particular
Bayesiannetworks(BNs), changedthis view dramatically.
Theselanguagespermit concisedescriptionsof otherwise
unwieldy joint distributions, as long as sufficient condi-
tional independenciesamongeventsare present. In this
paper, we demonstratethat, amongcertainpopulationsof
agents,conditional independencecan be analogouslyex-
ploited in the designandconfigurationof securitiesmar-
kets.

Section4 shows how securitiesmarketscanbe structured
accordingthethetopologyof any BN. As with BNs,if suf-
ficient independenciesareencodedin thestructure,thesize
of the market is exponentially reduced. Although struc-
turedmarketsarenot completein thetraditionalsense,we
derive conditionsunderwhich they arenonethelessopera-
tionally complete, meaningthat theequilibrium allocation
of risk is still Paretooptimal. Section5.1 givesa general
sufficient condition: if, in equilibrium, all agents’ risk-
neutral independenciesagreewith thoseencodedin the
market’s structure,then the market is operationallycom-
plete. Section5.2 characterizesthe computationalcom-
plexity of pricing securitiesandfinding arbitrageopportu-
nities in a structuredmarket. Section6 derivesa special
casewhenagreementon true independenciesis sufficient
to yield operationallycompletemarkets; we also explain
why agreementon true independenciesis not sufficient in
general.



2 BACKGROUND AND NOTATION

We considera modeleconomyof
�

agents,indexed ��������	��
�
�
�� �
, eachwith a subjectiveprobabilitydistribution����

over statesof the world and a utility function � � for
money. Denotethe setof all possiblestatesof the world
as ��������� � ��� ��
�
�
�� . The � aremutually exclusive and
exhaustive.

Stateis often more conciselyandnaturally characterized
asthe setof outcomesof events. Denotethe setof mod-
eled eventsas ��� �"! � � ! � ��
�
�
#� !%$ � . Underlying &
arbitrary events is a statespace � of size ' �(')� � $ ,
consistingof all possiblecombinationsof eventoutcomes.
Conversely, any setof statescanbe factoredinto a setof&*�,+.-0/%' �(' 1 events.Without furtherassumption,thetwo
representationsareequivalentin bothexpressivity andsize,
althoughthe event factorizationmay be morenatural. In
mostof what follows, theevents �2!43 � arethefocusof at-
tention,with � the implied joint outcomespace.We refer
to the �2!43 � astheprimaryevents, soasto distinguishthem
from the other

� ��576 & possiblesetsof states,eachof
which is alsoanevent.

2.1 DECISION MAKING UNDER UNCERTAINTY

In general,anagent’sutility is definedover thecrossprod-
uctof availableactionsandpossiblestates.Weassumehere
that utility arisesfrom an underlyingutility for money. If
agent� ’sutility for 8 dollarsis ��9:8<; , thenits utility = for a
particularaction > is its expectedutility for money,= � 9?>	;@�BA ��C � ��D"EGFIHKJ�MLON �QPHSR�T �� � 9.�U;V� �WD"EGFIHKJ�XL � (1)

where
E FIHKJ� is agent� ’s wealthin dollarswhenaction > is

takenin state� (thedependenceof
E FIHKJ�

on > is implicit).
Agent � ’sdecisionsaremadeby maximizingexpectedutil-
ity, or choosingtheaction > thatmaximizes(1).

We assumethroughoutthatutility increasesmonotonically
with wealth. Local risk aversion at 8 , denotedY � 9Z8<; , is
definedas Y � 9:8<;\[ 6 �^] ]� 9Z8<;�_2�^]� 9:8<; . Agent � is risk-averse
if Y � 9Z8<;%`ba for all 8 , or, equivalently, if � � is everywhere
concave. Underthis condition,the agentalwaysprefersa
guaranteedpaymentequalto theexpectedvalueof alottery
ratherthanthe lottery itself, thusexhibiting an “aversion”
to gambling.Theagentis risk-neutral if Y � 9:8<;c�da for all8 , or � � is linear; in this case,maximizing (1) coincides
with maximizingexpectedpayoff.

2.2 RISK-NEUTRAL PROBABILITY

Notice that an outsideobserver e , privy only to agent� ’s
chosenactions,cannotuniquelydiscerneitherthe agent’s
belief or its utility: the two quantitiesare inextricably
linked(Kadane& Winkler, 1988).Any oneof acontinuous

family of belief–utility pairsoffers an equallyvalid ratio-
nalizationfor theagent’sactions.That is, for any functionf 9.�U; , subjective probabilitiesproportionalto

�� � 9Z�U; f 9Z�U;
matchedwith utilities � �gD2EGF�HKJ� L _ f 9.�U; result in strategi-

cally equivalentutilities for actions= � 9?>	; .
Risk-neutral probabilitiesaredefinedas@�ihOj� 9Z�U;�k @� � 9.�U;l� ]� DmEGFIH	J� L � (2)

where �^]� is the derivative of utility (Nau, 1995). Agent� ’s observable behavior, manifestedas actions, is in-
distinguishablefrom that of a hypothetical agent with
transformedprobabilities

�� hSj� 9.�U; andreciprocallytrans-

formed utility � hOj� 9:8<;n[X� � 9:8<;o_m� ]� D E FIHKJ�ML . It turnsout

that theobservercanuniquelyassessagent� ’s risk-neutral
probabilities.In fact,all standardelicitationproceduresde-
signedto revealagent� ’s beliefsbasedon monetaryincen-
tives(deFinetti,1974;Winkler & Murphy, 1968)—forex-
ample,queryingthe pricesat which the agentwould buy
or sellvariouslotterytickets—essentiallyreveal

�� hSj�
, and

not
@�o�

(Kadane& Winkler, 1988).Theagent’sobservable
beliefsarein effect its risk neutralprobabilities,not its true
probabilities.

2.3 SECURITIES MARKETS FOR THE
REALLOCATION OF RISK

Underuncertainty, risk-averseagentswill desireto hedge
or insure againsttheir risks by distributing wealth across
states.For example,insuringthedelivery of a packageef-
fectively transferswealthfrom the package-receivedstate
to the package-lost state. The Arrow-Debreu securities
market is the fundamentaltheoreticalframework in eco-
nomics and financefor resourceallocationunder uncer-
tainty (Arrow, 1964;Dreze,1987;Mas-Colell,Whinston,
& Green,1995). A security, denominatedin money or
other exchangeablegood, pays off variously contingent
upontherealizationof an uncertainstate.Let p?!\q denote
a securitythat paysoff onedollar if andonly if the event! occurs.If thepriceof this securityis r F0stJ perunit, then
agent � ’s decisionto purchaseu FIstJ� units is equivalent to

acceptinga lotterywith payoff 9 � 6 r FIstJ ;Vu F0stJ� if ! occurs,

and 6 r F0stJ u FIstJ� otherwise.Positive u FIstJ� indicatesa quan-

tity to buy, andnegative u F0stJ� aquantityto sell.

In a market of v such securities, let w �pxr F � J � r F � J ��
�
�
#� r Fzy{J q denote the securities’ prices,
and | � �dp:u F � J� � u F � J� ��
�
�
�� u F0y}J� q denotethequantitiesof the
securitiesheldby agent� . Agent � ’s utility for securitiesis
its expectedutility for money (1), wheretheagent’schoice
of actionsis how muchto buy or sell of eachsecurity.

Agentstradesecuritieswith eachotherprior to revelation
of theworld state.In aneconomyof

�
agents,eachcon-

tinually maximizing(1), pricesadjustuntil all buy orders



matchwith sell ordersfor all securities. A market is in
competitiveequilibriumatpricesw if andonly if~P �0� � | � 9:wW;@��� � (3)

where | � 9Zw�; is agent � ’s optimal demandvectorat pricesw .
A securitiesmarketis termedcompleteif it containsat least' �(' 6 � linearly independentsecurities.Suchamarketguar-
antees,underclassicalassumptions,that equilibrium en-
tailsa Paretooptimal, or efficient, allocationof risk.

A conditionalsecurity p:!���' !c�2q paysoff contingenton !%�
andconditionalon !\� . That is, if !c� occurs,thenit pays
out exactly as p:!���q ; on the otherhand,if �!c� occurs,then
thebetis calledoff andany pricepaidfor thesecurityis re-
funded(deFinetti, 1974). Thecanonicalcompletemarket
consistsof onesecuritypayingout in eachstateof nature.
In general,though,any setof securities(possiblyincluding
conditionals)with apayoff-by-statematrixof rank ' �(' 6 �
is complete.

When one unit of eachsecuritypaysout one dollar, the
equilibrium pricesin a securitiesmarket form a coherent
probabilitydistribution. For example,r FIs<�iJ ��r F0s<�ls���Jg�r F0s ���s � J , or r FIs � s � J �,r F0s ��� s � J r FIs � J . In fact, the equi-
librium pricescoincidewith the agents’risk-neutralprob-
abilities (2) for the available securities,which must be
in completeagreement(Dreze,1987; Nau & McCardle,
1991). Derivedformally in Section3.1,we simply sketch
the intuition here. Sincea risk-neutralagentbuys p:! 3 q
if r FIs^�oJ�� �� � 9:! 3 ; (it simply maximizesexpectedpay-
off), then any agentbuys p:!�32q if r FIs^�iJd� @�ihOj� 9?!432; .
Similarly, the agentsells if r F0s � J ` �� hSj� 9:!�3"; . If two
agents� and � have differing risk neutralprobabilities—
that is,

@�ihOj� 9?! 3 ;��� ��ihOj� 9:! 3 ; —then thereis an inter-
mediateprice at which they are both willing to trade. It
follows that, at equilibrium, when by definition opportu-
nities for exchangehave beenexhausted,all agents’risk
neutralprobabilitiesagreeacrossavailablesecurities.Fur-
thermore,sinceoffersto buy andsellmustmatch,theequi-
librium pricesequaltheseconsensusprobabilities.

Thereare two, largely inseparable,reasonsfor agentsto
tradein securities:to insureagainstrisk (“hedge”) andto
profit from perceivedmispricings(“speculate”).Themore
averseto risk, the more the former considerationdom-
inatesan agent’s decisionmaking. On the other hand,
risk-neutrality—thelimit of diminishingrisk aversion—is
synonymouswith purespeculation.Thesetwo behaviors
are alignedwith the two central roles of securitiesmar-
kets in the theory of economicsunderuncertainty. The
first, as mentioned,is to supportthe reallocationof risk.
The secondis to aggregateand disseminateinformation.
Agentsthat disagreeon the likelihoodof statesmay seek
to exchangesecuritiesat prices that yield, accordingto

each’s subjective viewpoint, an increasein expectedre-
turns.Moreover,eachagentisprivy, albeitimplicitly, to the
evidencegatheredby otheragents(perhapsat greatcost)
via fluctuationsin price.

2.4 BAYESIAN NETWORKS

A joint probability distribution can often be represented
more compactly as a Bayesiannetwork (BN), or other
graphical model (Darroch, Lauritzen, & Speed,1980).
Concisenessis achievedby exploiting conditionalindepen-
denceamongthe primary events. Let �U�2� !43 �����o�)� be
shorthandfor

�� 9:!43{' ��� ;�� �� 9?!43{' � ; , indicatingthat!43 is conditionally independentof the set of events
�

,
given anotherset

�
. Considerthe event !%����� , with

predecessorswg m¡}¢U9?!432;\[£�2!%� � !c� ��
�
�
#� !\�"¤t� � . Suppose
that,giventheoutcomesof a subsetwW¥t9?!\��;§¦�wg m¡}¢U9?!\�¨;
of its predecessors—called!%� ’s parents—theevent !%� is
conditionallyindependentof all otherprecedingevents,or�U�m� ! � � wW¥<9?! � ; � w� m¡{¢©9:! � ; 6 w�¥<9:! � ; � . This structurecan
bedepictedgraphicallyasadirectedacyclicgraph(DAG):
eachevent is a nodein the graph,andthereis a directed
edgefrom node! 3 to node! � if andonly if ! 3 is aparent
of ! � . We also refer to ! � as the child of ! 3 . A DAG
hasno directedcyclesandthusdefinesa partialorderover
its vertices.We assumewithout lossof generalitythat the
event indicesare consistentwith this partial ordering; in
other words, if !43 is a predecessorof !\� then ª �¬« .
Wecanwrite thejoint probabilitydistributionin a(usually)
morecompactform:

@� 9:! � ! ���� !%$n;�� $®� � � �� 9:! � ' wW¥t9?! � ;o; 

For eachevent !\� , we recorda conditionalprobability ta-
ble (CPT), which containsprobabilities

�� 9?! � ' wW¥t9:! � ;i;
for all possiblecombinationsof outcomesof events inwW¥t9:! � ; . Thus, it is possibleto implicitly representthe
full joint with eb¯°&  �m±�²o³�´�µ�¶ ��·?¸2¹ probabilities,insteadof� $ 6 � , where º	9 « ;§�Q' wW¥t9:! � ;�' is thenumberof parents
of !\� .
A Markov independenceis aspecialtypeof conditionalin-
dependence(Darrochet al., 1980;Pearl,1988;Whittaker,
1990).Thenode !43 andthesetof nodes

� ¦»� 6 !43 are
Markov independent,givenanotherset

� ¦¼� 6 � 6 !�3 ,
if �U�m� !43 ���½�i�)� and !43§¾ � ¾ � �Q� . Recallthat � is
thesetof all modeledevents.

A DAG is an independencymap, or an I-map, of a proba-
bility distribution

��
if every independency implicit in the

graphholdswithin
@�

(Pearl,1988). Note thata complete
graphis a trivial I-mapof any distributionover � .

A DAG is decomposableif thereis anedgebetweenevery
two nodesthat sharea commonchild (Chyu, 1991; Dar-
rochet al., 1980;Pearl,1988;Shachter, Andersen,& Poh,



1991).Treesareasubsetof decomposableDAGs,sinceev-
ery nodehasat mostoneparent.Completegraphsarealso
decomposablesinceevery two nodesareconnected.Any
BN canbemadedecomposableby reorientingsomeedges
and introducing new edgeswhere needed(Chyu, 1991;
Shachteret al., 1991). Thoughthe decomposablerepre-
sentationcanbeexponentiallylargerthantheoriginal BN,
it canstill beexponentiallymorecompactthanthefull joint
distribution. The independenciesencodedin a decompos-
ableBN areall Markov independencies(Pearl,1988).

3 EQUILIBRIUM IN A SECURITIES
MARKET

3.1 EQUILIBRIUM AS CONSENSUS

Thestandardformulationof competitiveequilibrium(3) is
asa fixed point whereeachagent’s demandis optimal at
currentprices,andeachsecurity’spricebalancesaggregate
demand.In this section,we examineanalternativecharac-
terizationof equilibrium,recognizedfirst by Drèze(1987).
Agent � ’sfirst-orderconditionfor u F 3 J� is:¿ = � 9:|<;¿ u F 3 J� � PHOR�T @�o� 9.�U;

¿ � �gD E F�HKJ� L¿ u F 3 J� �Ba �
where

EGFIHKJ� �ÁÀ � ¯ � HSR�stÂ 6 r F � J ¹ u F � J� is its payoff in
state� , and

� HOR�stÂ is theindicatorfunctionthatequalsone
if ���)! � , andzerootherwise.Applying thechainrulePHOR�T ���� 9Z�U; D � HOR�s^� 6 r F 3 J L � ]� D E F�HKJ�ML �»aPHOR�s � @�o� 9.�U;V� ]� D E FIHKJ� L6 r F 3 J PHOR�T �� � 9.�U;V� ]� DmEGF�HKJ� L �»a �
andsolvingfor r F 3 J , we find that:

r F 3 J � À HOR�s � @�o� 9.�U;l�^]� D E FIH	J� LÀ HOR�T �� � 9Z�U;l� ]� D EGF�HKJ�ML � ��ihOj� 9:!43m; 
 (4)

In words,equilibriumcanalsobeconsidereda fixedpoint
whereexchangesamongagentsinduceaconsensusonrisk-
neutralprobabilitiesacrossavailablesecurities,andwhere
the security prices themselves match theseagreed-upon
values.

3.2 COMPLETE MARKETS, COMPLETE
CONSENSUS, AND PARETO OPTIMALITY

As describedin Section2.3, a securitiesmarket is com-
pletewhen v½�Ã' �(' 6 � andall securitiesarelinearly inde-
pendent. In sucha market, equilibrium allocationsof risk

areParetooptimal: any gamble,contingenton any eventAQ¦�� , thatis anacceptablepurchasefor oneagentis not
anacceptablesalefor any other(Arrow, 1964).

A probabilitydistributionover � hasdimensionality' �(' 6 �
(normalizedlikelihoodsfor the ' �(' states). Pricesof se-
curities in a completemarket constitute ' �(' 6 � linearly
independentequationsfor these ' �(' 6 � unknowns, and
thusdefineuniqueprobabilitiesfor all states�£�B� , also
calledthestateprices(Huang& Litzenberger, 1988;Var-
ian, 1987). Denotetheseprobabilitiesas

��iÄ 9.�U; , and let��oÄ 9?AÅ;Æ� À HOR�Ç ��oÄ 9Z�U; be the price-probabilityof any
event A , perhapsnotdirectlycorrespondingto anavailable
security.

Theagents’risk-neutraldistributionsalsohavedimension-
ality ' �(' 6 � , subjectto the v constraintsdefinedby (4).
If themarket is complete,it follows that

��ihOj�
is uniquely

determined,andequals
@� Ä

for all � . That is, a complete
market inducesacompeteconsensusonrisk-neutralproba-
bilities. Thissuggestsanintuitiveexplanationof why equi-
librium allocationsareParetooptimal.All agentsbehaveas
if they arerisk-neutral(payoff-maximizing)with identical
beliefs.In sucha situation,therearesimply no differences
of risk-preferenceor opinionon which to trade.

If v � ' �(' 6 � , thenthe consensuson risk-neutralprob-
abilities is generallyincomplete. Whenever

�� hSj� 9.�U;È���� hSj� 9.�U; for any � , thereexists an acceptableexchange
betweenagents� and � , thoughperhapsnot supportedby
the v availablesecurities.An equilibriumallocationin an
incompletemarketisnotnecessarilyParetooptimal.1 But it
canbe,dependingon theparticularbelief structuresof the
agents.Call amarketoperationallycompleteif its compet-
itive equilibrium 9:| � w�; is Paretooptimal (with respectto
theagentsinvolved),even if the market containslessthan' �(' 6 � securities.As adegenerateexample,anemptymar-
ketis operationallycompletefor aneconomyof completely
identicalagents.Althoughsucha market doesnot support
all conceivabletrades,it doessupportall acceptabletrades
amongthegivenagents.

4 STRUCTURED MARKETS: AN
ANALOGY TO BAYESIAN
NETWORKS

Achievingcompletenessis,practicallyspeaking,all but im-
possible;therequirednumberof securities—exponentialin
thenumberof primaryevents—issimply too huge.

In attemptingto representprobabilitydistributionsover � ,
researchersin uncertainreasoningarefacedwith an anal-
ogouscombinatorialexplosion. The typical solutionis to
work with the factoredevent space,ratherthan the state

1Allocationsarealwaysefficient with respectto availablese-
curities,but notnecessarilywith respectto all states.



space,andto exploit any independenciesamongeventsus-
ing graphicalmodels.

Continuing the analogy, securitiesmarkets can be struc-
turedaccordingto thedirectedacyclic graphÉ of any BN.
Simplyintroduceoneconditionalsecurity p?! 3 ' w�¥g9:! 3 ;oq for
every conditionalprobability

�� 9:! 3 ' wW¥t9:! 3 ;i; in the net-
work. For eachevent ! 3 with º	9Iª};Ê��' wW¥<9?! 3 ;�' parents,
this adds

��µ�¶ 3o· securities,one for eachpossiblecombina-
tion of outcomesof eventsin w�¥g9:!43"; . Call sucha marketÉ -structured. Imaginefor themomentthat É is fully con-
nected(that is, no independenciesarerepresented).Then
a É -structuredmarket containsÀ $3 � � � 3#¤�� � � $ 6 � �' �(' 6 � linearly independentsecurities,and is thuscom-
plete.

The benefitof a BN representation,and likewise a struc-
turedmarket,obtainswhen É is lessthanfully connected,
andthusthe market containslessthan ' �(' 6 � securities.
What can be said in this case? Certainly, dependingon
thebeliefsandutilities of theagents,inefficientallocations
are possible. Nonetheless,undercircumstancesexplored
below, thesmallermarketmaysufficefor operationalcom-
pleteness.

5 COMPACT MARKETS I

5.1 CONSENSUS ON RISK-NEUTRAL
INDEPENDENCIES

Call a É -structuredmarket a risk-neutral independency
market, or anRNI-market, if, in equilibrium, É is anI-map
of
��ihOj�

for all agents� . That is, all agents’risk-neutral
distributions agreewith the independenciesencodedin
the market’s structure. Paralleling our notation for true
conditionalindependence,let �U� hSj� � !43 �����i�)� denotethe
risk-neutralconditionalindependence

��ohSj� 9:! 3 ' ��� ;Ë���ohSj� 9:!�3}' � ; .
Proposition 1 At equilibrium in an RNI-market,�� hSj� 9.�U;�� @� hOj� 9Z�U; for all agents � � � and all states���Ì� .

Proof. The market contains À $3 � � ��µ�¶ 3o· securities,
imposing an equal number of constraints on every
agent’s risk-neutral distribution via (4). For each
event, I-mapness further imposes

�¨µ�¶ 3o· 9 � 3#¤t��¤ µ�¶ 3o·�6� ; conditional independenceconstraints of the form�U� hOj� � ! 3 � w�¥<9:! 3 ; � w� m¡{¢49?! 3 ; 6 wW¥t9?! 3 ; � , for all combina-
tionsof outcomesof eventsin wW¥<9:!�3"; andall but onecom-
binationof outcomesof eventsin w� 2¡}¢©9:!�32; 6 wW¥t9?!432; (the
remainingoneis impliedby theothers).Theneveryagent’s
risk-neutraldistribution is subjectto$P3 � � � µ�¶ 3o· � � µ�¶ 3o· 9 � 3#¤���¤ µ�¶ 3o· 6 � ;

� $P3 � � � 3#¤�� � � $ 6 � �Ã' �(' 6 �
identical, linearly independentconstraints. Therefore��ohSj� � @�ihOj� for all � � � . Í
In an RNI-market, define the state prices

��iÄ 9.�U;Î���ohSj� 9.�U; asthe uniqueprobabilitiesover � that arecon-
sistentwith thepricesof availablesecuritiesandthe inde-
pendenciesof É . The following corollaryestablishesthat
equilibrium pricesfor any of the ' �(' 6 � 6 v “missing”
securitiesarealsoderivablefrom

�� Ä
.

Corollary 2 Let pxr F � J ��
�
�
�� r Fzy{J q betheequilibriumprices
in an RNI-market. Introducea new security p?AÅq . Thenpxr F � J ��
�
�
�� r Fzy}J � �� Ä 9?AÅ;oq are equilibrium prices in the ex-
pandedmarket.

Proof. Beforethe extra securityis introduced,all agents’
risk-neutralprobabilities

��ohSj� 9:AG; alreadyequal
@� Ä 9:AÅ; ,

without buying or selling any quantityof the security. It
follows that, with the additionalsecurity, the equilibrium
condition(4) is satisfiedwith u FIÇ�J� �,a for all � , r FIÇ�J ���oÄ 9?AÅ; , andall otherpricesunchanged.Í
The number of securities in an RNI-market,e�¯l&  �Ï±�²i³�´�µ�¶ 3o·?¸2¹ , can be exponentially smaller than
the
� $ 6 � requiredfor traditional completeness.The

following corollary shows that the more compactmarket
supportsallocationsthatareequallyefficient.

Corollary 3 EveryRNI-market is operationally complete.
That is, theequilibriumallocations | andstateprices

�� Ä
in an RNI-market constitutean equilibrium in a (truly)
completemarket composedof thesameagents.

Proof. By repeatedapplicationof Corollary2, we canadd
the ' �(' 6 � 6 v securitiesnecessaryto completethemar-
ket.2 For eachnew security, a price consistentwith

�� Ä
,

coupledwith zerodemandfrom all agents,satisfies(4). All
completemarkets,regardlessof structure,supportthesame
equilibrium allocationsandstateprices(Huang& Litzen-
berger, 1988; Mas-Colell et al., 1995; Varian, 1987). Í
Proposition1 and its corollariesare equilibrium results
only. We sketchhereonepossibleprocedurefor reaching
agreementon themarket structure.3 Begin with securities
in only the & events: p:!���q ��
�
�
#� p:! $ q . If any agent’s de-
mandfor p:! � ' ! 3 q (for any ª ��« ) atpricer F0stÂ#J isnonzero,
thenit createsa new market in p:! � ' ! 3 q . If, at somefuture

2A naturalsetto addarethe À�ÐÑoÒ�Ó}Ô�Õ�Ö Ño×oØ Ô Ñ�ÙOÓlÙ Õ�Ö Ñ�×<Ú½Û�Ü se-
curitiesof the form ÝZÞ ÑÏß à^á#â�ã Ø Þ Ñ Ülä , for all events Þ Ñ , all com-
binationsof outcomesof à^å Ø Þ Ñ Ü , andall but onecombinationof
outcomesof à^á#â�ã Ø Þ Ñ Ü�Ú à^å Ø Þ Ñ Ü .

3Thisprocedureis similar to Geiger’s (1990)protocolfor elic-
iting independencestructuresfrom experts.



time,theagenthaszerodemandfor its new security, thenit
mayretractthesecurity. An additionalconditionfor equi-
librium is that no agentdesiresto createor withdraw any
markets.Then,in equilibrium,it shouldbethecasethatall
agents’risk-neutralindependenciesagreewith the market
structure,andthatthemarketisoperationallycomplete.We
might wantto adda transactioncostfor openingnew mar-
kets,sothatequilibriumonly ensuresthatrisksarehedged
up to a thresholdcost.

5.2 COMPUTATIONAL COMPLEXITY OF
ARBITRAGE

Imagine that, after equilibrium is reached in an
RNI-market, a redundantsecurityis introduced,say p:!%$nq .
The equilibrium price of p?!\$Ìq is already determined
(Corollary2): it mustequal

�� Ä 9:!%$Ì;@� @�ihOj� 9?!\$Ì; . Fur-
thermore,if thecurrentpricedoesnotequal

�� Ä 9:!%$n; , then
themarket is not in equilibrium,andarbitrageis possible.
For example,if r FIs 5 Jn� @�iÄ 9?! $ ; , thenan outsideob-
server e could purchaseit at the going price and sell it
to any of the agentsat price r^æ suchthat r FIs 5 Jç� r^æ ���ohSj� 9:! $ ;Æ� ��oÄ 9?! $ ; . Although e doesnot have di-
rect accessto

@�iÄ 9?! $ ; , it is uniquely computablegiven
theotherpricesandtheindependencestructureof É .

If e canfind anarbitrageopportunityby correctlypricing
theredundantsecurity, then e canperformBayesianinfer-
ence,which is #P-complete(Cooper, 1990).

6 COMPACT MARKETS II: CONSENSUS
ON TRUE INDEPENDENCIES

Equilibriumagreementonrisk-neutralindependenciesmay
seemasomewhatstrangecondition,especiallyconsidering
that the

��ihOj�
are changingas transactionsoccur. Some

authorsargue that, sinceagentsappearto act according
to
��ihOj�

andstandardelicitation techniquesreveal
��ohSj�

,
risk-neutral probabilitiesare in fact no less “real” than
true probabilities(Kadane& Winkler, 1988; Nau & Mc-
Cardle,1991). However, while it seemsreasonablethat
agentswould have trueindependenciesin common(Pearl,
1993; Smith, 1990), it is harderto justify why their risk-
neutral independencieswould coincide. This sectionde-
velopsa theory of compactmarkets basedon consensus
on true independencies.If, despiteany quantitative differ-
encesbetween

��o�
and
@� hOj�

, anagent’s true independen-
cieswerealwaysmanifestasrisk-neutralindependencies,
thenresultsconcerningRNI-markets would carryoverun-
changed.Section6.1 demonstratesthat this is indeedthe
casefor a subclassof agentsanda subsetof independen-
cies.Section6.2discusseshow known limitationsof belief
aggregationproceduresrestrictthepossibilityof obtaining
compactmarketsundermoregeneralcircumstances.

6.1 CONSENSUS ON MARKOV
INDEPENDENCIES

A commonlyassumedrisk-averseutility form is exponen-
tial utility: � � 9Z8<;(� 6§è ¤^é°ê.ë . This utility form is synony-
mouswith constantabsoluterisk aversion(CARA), whereì � is agent� ’scoefficientof riskaversion,or

� _ ì � its risk tol-
erance.As theagent’swealthincreases,its marginalutility
for unit dollarsdecreases(sinceit is risk-averse),but the
amountof its aversionto risk remainsconstantat ì � .
In this section,we show that, in economiescomposedof
agentswith CARA, marketsstructuredaccordingto agreed
upon(true)Markov independenciesareoperationallycom-
plete. Definean independencymarket, or an I-market, as
a É -structuredmarket suchthat É is an I-map of

����
for

all agents� (i.e.,all agents’truedistributionsagreewith the
independenciesin É ). An I-marketis decomposableif É is
decomposable—everynode’sparentsarefully connected.

Let ���í�2! � ��
�
�
#� !%$ � bethesetof all events,! 3 ��� a
particularevent,and

� ¦�� 6 ! 3 and
� ��� 6 � 6 ! 3

subsetsof events. We are interestedin whetheragent � ’s
Markov independencies�U� � � !43 �����i�)� are reflectedas a
risk-neutralindependencies�U� hOj� � !43 �����i�î� , andarethus
observable.For brevity, we dropthesubscript� whenonly
oneagentis underconsideration.

Proposition 4

�U�m� ! 3 �����o�)�.ï�ð�ñ2ò ¯?ó�ô}õö ��÷©øtù ¹ñ ò 9:ó�ô ö ��÷©øtù ; � ñ2ò ¯úóWô}õö �o÷îûøtù ¹ñ ò ¯úó ô ö � ÷îûøtù?¹ýüþ �U� hOj � ! 3 �����o�)�ú� (5)

where the secondpreconditionmusthold for all possible
joint outcomesof theeventsin

�
, andall pairs 9 �î�§ÿ� ; of

differentjoint outcomesof eventsin
�

.

Proof.ñ2ò ¯?ó ôKõö � ÷©øtù ¹ñ ò 9:ó ô ö � ÷©øtù ; � ñ"ò ¯úó ô	õö � ÷)ûø<ù ¹ñ ò ¯ ó ô ö ��÷)ûø<ù?¹@� 9?!43 � ; � �� 9 �!43 � ; ñ2òo¯ óWôKõö ��÷©øtù ¹ñ ò 9 ó ô ö � ÷©øtù ;� �� 9:! 3 � ; � @� 9 �! 3 � ; ñ2ò ¯?ó ô	õö � ÷)ûøtùú¹ñ ò ¯?ó ô ö � ÷)ûøtù ¹����� ö � ÷�� ����� ÷4ø������� ÷�� ñ2ò 9úó ô ö ��÷©øtù ;����� ö ��÷�� ����� ÷©ø	������ ÷�� ñ ò 9 ó ô ö � ÷©øtù ;�
 ����� õö ��÷�� ���� ÷�ø	����� ÷�� ñ ò ¯úó ôKõö � ÷4øtù ¹� ���� ö ��÷�� ���� ÷)ûø������ ÷�� ñ"ò ¯úó ô ö � ÷)ûø<ù ¹���� ö ��÷�� ���� ÷îûø������ ÷�� ñ ò ¯úó ô ö � ÷ ûø�ù ¹ 
 ���� õö ��÷�� ���� ÷îûø������ ÷�� ñ ò ¯úó ô}õö � ÷îûøtù ¹
��� ¶ s^����� · ñ ò 9úóWô ö �o÷4øtù ;

��� ¶ s^����� · ñ ò 9?ó ô ö � ÷©øtù ; 
 ��� ¶ �s^����� · ñ ò ¯úó ôKõö � ÷©øtù ¹� ��� ¶ s � ���� · ñ ò ¯ óWô ö ��÷)ûø<ù ¹
��� ¶ s � ���� · ñ ò ¯úóWô ö �o÷ ûø�ù ¹ 
 ��� ¶ �s � ���� · ñ ò ¯°óWô}õö �o÷îûøtù ¹������� ¶ s � ��� ·��� ��� ¶ s � ��� · 
 ��� ��� ¶ �s � ��� · � ������� ¶ s � ���� ·

��� ��� ¶ s � ���� · 
 ��� ��� ¶ �s � ���� ·@� hOj 9?! 3 ' ��� ;�� �� hOj 9:! 3 ' � ÿ� ;



Í
Thesecondpreconditionin (5) saysthat theratio of marg-
inal utility in stateswhere !43 doesnot occur to margi-
nal utility in stateswhere !43 doesoccur cannotdepend
of the outcomesof events in

�
. This is true (and in-

deed
��ohSj � @� ) if theagent’s marginal utility �O] is con-

stantacrossstates.This holdsif the agentis risk neutral,
andholdsapproximatelyif utility is state-independentandE F�H¨�iJ! E F�H}Â�J . But this approximationis not realisticfor
anagentengagedin tradingsecurities,sincea centralrole
of the market is preciselyto enablethe transferof wealth
acrossstates.

Let
E FIs � �ÆJ be the agent’s payoff from all securitiesthat

dependonly the outcomesof eventsin !�3%¾ � . Exam-
plesare p:!43"q , p:!�3 � q , and p:!�3}' � q , whichreturnthesame
dollar amountregardlessof the realizationsof events in� � � 6 � 6 !43 . Similarly, let

E F�����J be the payoff
from securitiesthatdo notdependon !�3 .
Supposethat the agentexhibits CARA, and that its pay-
offs are separableaccordingto

E F0s^������J � E FIs^���ÆJ �E F��"�4J 6 E F��ÆJ . Separabilityessentiallymeansthat any
of theagent’s securities(or prior stakes)whosepayoff de-
pendson !43 cannotalsodependon eventsin

�
. In this

case, ñ"ò ¯úó ô	õö ��÷©ø�ù ¹ñ ò 9?ó ô ö ��÷©ø�ù ; � ñ2ò ¯úó ô	õö ��÷�ù 
 ó ô ÷©øtù ¤ ó ô ÷�ù ¹ñ ò 9:ó ô ö ��÷�ù 
 ó ô ÷©øtù ¤ ó ô ÷�ù ;� é$#�%'&)( ô	õö �o÷§ù #�%'&*( ô ÷©øtù #+&*( ô ÷§ùé$# %'&)( ô ö � ÷§ù # %'&*( ô ÷©øtù # &*( ô ÷§ù� é$#�%'&)( ô	õö �o÷§ù #�%'&*( ô ÷)ûøtù #+&*( ô ÷§ùé$# %'&)( ô ö �o÷§ù # %'&*( ô ÷)ûøtù # &*( ô ÷§ù� ñ2ò ¯?ó ô	õö � ÷§ù 
 ó ô ÷)ûøtù ¤ ó ô ÷�ù ¹ñ ò 9?ó ô ö � ÷§ù 
 ó ô ÷)ûøtù ¤ ó ô ÷�ù ; � ñ2ò ¯úó ôKõö � ÷)ûø<ùú¹ñ ò ¯ óWô ö ��÷)ûø<ù ¹
Thus the constrainton utility in (5) is satisfied,and any
Markov independenciesareobservable.

We arenow in a positionto derive the main resultof this
section.

Proposition 5 Whenall agentshaveCARA,everydecom-
posableI-market is an RNI-market.

Proof. Let
� 3 be thesetof directparentsanddirectchil-

drenof event ! 3 , and
� 3 all otherevents.Fromdecompos-

ability andI-mapness,we caninfer that

1. �U� � � ! 3 ��� 3 �i� 3 � for all agents� andeventsª ,
2. noneof thesecuritiesp:! 3 ' wW¥<9:! 3 ;iq thatarecontingent

on ! 3 dependon
� 3 , and

3. noneof the securities p?!\�K' wW¥<9:!%�Ï;iq suchthat !�3��wW¥t9:!%��; thatareconditionalon !43 dependon
� 3 .

Items 2 and 3 ensureseparabilityof payoffs from the
available securities (we assumethat any prior stakes

are also separable). Then, invoking Proposition 4,�U� hOj� � !43 ��� 3 �o� 3 � for all agents� andevents ª . As a re-
sult, É is anI-mapof every

�� hSj�
regardlessof allocations

or prices,includingthoseat equilibrium. Í
Proposition1 andCorollaries2 and3 areimmediatelyap-
plicable. In particular, for agentswith CARA, every de-
composableI-market is operationallycomplete.

6.2 INHERENT LIMITATIONS

Onemight wonderwhethercompactI-markets arepossi-
ble for larger classesof agentsor independencies.It can
be shown via counterexamplethat, even when all agents
have CARA, a market conformingto agreed-upon(possi-
bly non-Markov) independencieswill not alwaysbeoper-
ationally complete. Moreover, whenall agentshave log-
arithmic utility for money (anothercommonly assumed
utility form), even a market conforming to agreed-upon
Markov independencieswill not always be operationally
complete.

Although we do not have a formal statementof impos-
sibility, resultsfrom statisticalbelief aggregationsuggest
that agreementon true independencieswill not be suffi-
cient in generalto yield compactandoperationallycom-
pletemarkets. The stateprices

��iÄ
in a securitiesmarket

area functionof all theagents’beliefs(andtheir utilities),
andassuchessentiallyconstitutea measureof aggregate
belief. Many researchershave studiedbelief aggregation
functions(Genest& Zidek, 1986),andseveral impossibil-
ity theoremsseverelyrestricttheclassof functionsthatpre-
serveunanimouslyheldindependencies(Genest& Wagner,
1987),even whenrestrictedto independenciesamongthe
primary events(Pennock& Wellman,1999). The aggre-
gation“function” of a securitiesmarket is of coursesub-
ject to the samelimitations. We suspectthat, for many
configurationsof agents,marketsstructuredaccordingto
unanimously-heldtrueindependencieswill not yield prov-
ably optimalallocationsof risk. Nevertheless,it maywell
bethecasethatstructuredmarketscanyield approximately
optimal allocationsover a wider rangeof agentpopula-
tions.

7 CONCLUSIONS

Rationalrisk-averseagentswill seekwaysto mitigatethe
dangersinherentin an uncertainworld by reducingtheir
exposureto risk. Whenever two agentsexhibit divergent
tolerancesfor risk (e.g.,aninsurancecompany andahome-
owner), or disagreeon the likelihood of world outcomes
(e.g.,a bettoron St. Louis to win SuperBowl XXXIV and
a bettor on Tennessee),theremay be an opportunity for
anexchangeof state-contingentwealth—essentiallyaport-
folio of securities—that both agentsdeembeneficial. To
guaranteethatall desirableexchangesof risk aresupported,



a market mustbecomplete, or containat least
� $ 6 � lin-

earlyindependentsecurities,where& is thenumberof rel-
evantuncertainevents.Clearly, thisnumberof securitiesis
prohibitive in evenmodestlycomplex domains.

In this paper, we showed that the sameprinciplesusedto
succinctlyrepresentjoint probability distributionscanaid
in reducingthe requirednumberof securities. We illus-
tratedhow marketscanbestructuredanalogouslyto Bayes-
iannetworks.Wederivedtwo conditionsunderwhichcom-
pactmarkets—insomecaseswith exponentiallyfewer se-
curitiesthancompletemarkets—canstill supportall desir-
ableexchangesof risk. Themostgeneralconditionis that
all agents’risk-neutralindependenciesagreewith theinde-
pendenciesencodedin themarket’s structure.For popula-
tionsof agentswith constantabsoluterisk aversion,agree-
menton Markov independenciesis sufficient.

Weplanto evaluateempiricallywhetherstructuredmarkets
canyield efficiency gainsevenwhenagentsdonotmeetall
of thesetheoreticalsufficiency requirements.As a poten-
tial futureapplication,onemight imaginestructuringa set
of derivativessoasto increaseopportunitiesfor agentsto
hedgetheir risks,while at thesametime keepingthenum-
berof financialinstrumentsrequiredat aminimum.
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