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ABSTRACT
Learning or estimating game models from data typically entails
inducing separate models for each setting, even if the games are
parametrically related. In empirical mechanism design, for example,
this approach requires learning a new game model for each candi-
date setting of the mechanism parameter. Recent work has shown
the data efficiency benefits of learning a single parameterized model
for families of related games. In Bayesian games—a typical model for
mechanism design—payoffs depend on both the actions and types
of the players. We show how to exploit this structure by learning an
interim game-family model that conditions on a single player’s type.
We compare this to the baseline approach of directly learning the ex
ante payoff function, which gives payoffs in expectation of all player
types. By marginalizing over player type, the interim model can
also provide ex ante payoff predictions, as necessary for Bayes-Nash
equilibrium approximation. We also leverage the interim model to
compute new beneficial piecewise best-response strategies, without
any additional sample data. We validate our method through a case
study of a dynamic sponsored search auction. For both payoff ac-
curacy and Nash-approximation error, the interim model matches
the ex ante model on the trained range, and outperforms ex ante
in extrapolation. Our case study demonstrates that Bayesian game-
family models can support comprehensive mechanism design, and
that through interim-stage modeling we can enhance expressivity
and reliability.
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1 INTRODUCTION
Many real-world strategic interactions can be modeled as Bayesian
games, where payoffs depend on players’ actions and their private
information, or types. Outcomes may also depend on environment
parameters, such that each parameter setting induces a different
Bayesian game. Given limited modeling resources, analysts must
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decide in advance the parameter range and its granularity. While
domain knowledge may guide this selection, it cannot guarantee
coverage of all salient settings. Ideally, analysts would have a model
of the Bayesian game family from which they could reason about
any relevant parameter setting.

A motivating application for Bayesian game families is mecha-
nism design, where a designer sets or influences an environment
parameter that affects strategic incentives. Each parameter value
results in a different game instance. The designer’s goal is to find
the parameter setting that optimizes a relevant objective function,
such as social welfare or revenue. In empirical mechanism design
(EMD), game model instances are induced from simulation data.
Past EMD studies [4, 12, 23] have generally focused on a limited
set of mechanism settings, separately modeling and analyzing each
game instance.

Gatchel and Wiedenbeck [10] demonstrated that learning a sin-
gle parameterized payoff model for families of related normal-form
games is more data-efficient than training separate models for each
game instance. We extend this approach to Bayesian game fam-
ilies, exploiting the type-conditional form of strategies for these
games. Specifically, we investigate the learning of interim payoff
functions, which explicitly condition on a single player’s type. By
marginalizing out this type, we obtain the ex ante payoff func-
tions which are essentially the payoffs learned in a normal-form
model. We also explore learning ex ante payoff functions directly,
and compare ex ante and interim learning approaches.

We validate our method through an EMD case study in the
domain of sponsored search [14], where the publisher sets an auc-
tion reserve requirement to maximize revenue in equilibrium. Our
search auction model is designed to capture the dynamic nature of
bidding, where advertisers can revise their bids based on provisional
results of earlier bidding rounds. We do so in a two-stage scenario,
in which the bidders can attempt to modify their bids given the
state of bidding after the first round. These attempts succeed prob-
abilistically, thus providing an incentive for the players to submit
meaningful first-round bids. The scenario is simple to describe and
design heuristic strategies, yet too complex for straightforward an-
alytic solution. We implement an agent-based simulation model of
the scenario, and from the simulation-generated data learn Bayesian
game-family models to support empirical game-theoretic analysis
and mechanism design.

In our experiments, both ex ante and interim models achieve low
payoff error on the trained parameter range, yet only the interim
model maintains low error in extrapolation. Equilibria approxi-
mated using the interim model have regret error comparable to ex
ante within the trained range and lower error beyond it. We also
demonstrate that the learned game-family models support effective
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EMD procedures. Analysis of the expected revenue curve using a
fine-grained parameter grid reveals the benefit of learning multiple
game-family models. This analysis also provides concrete evidence
that the interim model’s extrapolation capability is advantageous
for mechanism design. A final advantage of the interim model is
its ability to generate new strategies that outperform those in the
original set. We introduce piecewise-conditional strategies that se-
lect from the original strategies based on the bidder’s own type,
and we show how to construct such strategies that beneficially re-
spond to equilibria over the original strategy set. Our investigation
produces new insights about alternative model forms for Bayesian
game families, and provides compelling experimental evidence in
favor of learning interim payoff functions.

2 RELATEDWORK
2.1 Learning Game Models from Data
In empirical game-theoretic analysis (EGTA) [27], complexmulti-
agent interactions are represented by an agent-based simulation
model. Data from agent-based simulation is used to used to induce
a formal game model, called an empirical game, which can be
analyzed using standard methods, for example to derive approxi-
mate equilibria.1 Given limited sampling resources, it is infeasible
to estimate payoffs for every strategy profile from simulation data.

An alternative is to learn game models that generalize from
the available data, such as using regression to learn pure-strategy
payoff functions [25, 28] or inducing compact game structures
[5, 8, 15, 17]. From a theoretical perspective, Fu and Lin [9] demon-
strate that in non-truthful auctions, the interim utility function
admits polynomial sample complexity, but the ex ante utility func-
tion does not. Sokota et al. [19] train a neural network to learn the
deviation payoff function—the expected utility for a unilateral
deviator—for symmetric normal-form empirical game instances.
This technique leverages the compactness of payoff functions in
role-symmetric games. The learned deviation payoff function sup-
ports equilibrium computation without the combinatorial mixture
summations required for direct payoff functions. Li and Wellman
[16] learn deviation payoffs as part of a method to approximate
mixed-strategy Bayes-Nash equilibria through iterative evolution-
ary search. Gatchel and Wiedenbeck [10] learn the deviation payoff
function for families of related symmetric normal-form game in-
stances, showing that this approach achieves higher payoff accuracy
with less data than learning separate models for each game instance.

2.2 Empirical Mechanism Design
Vorobeychik et al. [23] analyze five game instances with differ-
ent storage costs in a supply-chain management scenario and find
that none deter initial procurement without sacrificing profitability.
Jordan et al. [12] examine how reserve scores impact revenue in
online advertising auctions, analyzing 14 game instances and iden-
tifying the revenue-maximizing score. Brinkman and Wellman [4]
investigate the optimal clearing interval in a frequent call market to
maximize allocative efficiency as the number of agents and trade op-
portunities are varied. Most recently, Wang et al. [26] evaluate the
effectiveness of different security levels at thwarting cyber attacks
1Games defined in terms of simulationmodels have also been called simulation-based
[1, 18, 19] or black-box games [30].

in mixnets, analyzing four game instances as part of an empirical
mechanism design study.

Vorobeychik et al. [24] present an automated mechanism de-
sign procedure, framing EMD as a black-box optimization problem
compatible with any evaluation method. Evaluating a candidate
mechanism setting is a subproblem that involves approximating an
equilibrium in the induced game and computing the objective in
equilibrium. Areyan Viqueira et al. [2] introduce a PAC-learning
EMD framework that includes approximate equilibrium estimation
and parameter search with Bayesian optimization. Zhang et al. [29]
reformulate multi-player extensive-form mechanism design prob-
lems as 2-player zero-sum games and solve for optimal equilibria
via learning.

Other approaches have used neural networks to learnmechanism
solutions without explicit game modeling. Dütting et al. [6] train
allocation and payment neural networks to learn auction rules that
are incentive compatible. Bichler et al. [3] employ self-play policy
iteration with neural networks to learn approximate Bayes-Nash
equilibrium bidding strategies in symmetric auction games. Gemp
et al. [11] learn the auctioneer’s utility as a function of contest
design in empirical all-pay auctions or crowdsourcing contests.

3 BACKGROUND
A symmetric Bayesian game Γ has 𝑝 players who share the same
action set 𝐴, type space 𝑇 , and utility function 𝑈 . In this work, we
assume that𝐴 is finite, and that𝑇 is infinite and ordered. Each player
has a private type 𝑡 ∈ 𝑇 , which we assume is drawn independently
from a common probability distribution 𝜇 ∈ Δ(𝑇 ).2 The utility
function is given by 𝑈 : 𝐴𝑝 × 𝑇𝑝 → R, where the payoff for a
player playing action 𝑎 with type 𝑡 while opponents with types ®𝑡
play actions ®𝑎, is denoted as𝑈

(
(𝑎, ®𝑎), (𝑡, ®𝑡 )

)
. Vectors ®𝑡 and ®𝑎 have

length 𝑝 − 1, have a consistent order, and specify the corresponding
types and actions of the 𝑝 − 1 opponents. To improve readability,
we omit the inner parentheses and write𝑈 (𝑎, ®𝑎, 𝑡, ®𝑡 ).

Let 𝑆 be the set of pure strategies, each strategy 𝑠 ∈ 𝑆 a function
𝑠 : 𝑇 → 𝐴. We assume 𝑆 is finite, thus a strict (typically highly
restricted) subset of all mappings from types to actions. An oppo-
nent profile is a length-(𝑝 − 1) vector ®𝑠 ∈ ®𝑆 that specifies each
opponent’s strategy, where the order of entries matches the order
of opponents in the type vector ®𝑡 . We assume access to an oracle
(e.g., a simulator) that gives a noisy payoff estimate for a player
with type 𝑡 who plays strategy 𝑠 𝑗 , given (®𝑠, ®𝑡 ): 𝑈̃

(
𝑠 𝑗 (𝑡), ®𝑠 (®𝑡 ), 𝑡, ®𝑡

)
.

Given player symmetry, we can define a utility function 𝑢 𝑗 for each
strategy 𝑠 𝑗 that maps opponent profiles to payoffs. We first define
the ex ante expected payoff :

𝑢 𝑗 (®𝑠) = E(𝑡,®𝑡 )∼𝜇𝑝
[
𝑈
(
𝑠 𝑗 (𝑡), ®𝑠 (®𝑡 ), 𝑡, ®𝑡

) ]
. (1)

In the interim stage, each player knows its own type but has only
probabilistic beliefs about the others. The interim expected payoff
is given by

𝑢 𝑗 (®𝑠 | 𝑡) = E®𝑡∼𝜇𝑝−1

[
𝑈
(
𝑠 𝑗 (𝑡), ®𝑠 (®𝑡 ), 𝑡, ®𝑡

) ]
. (2)

We can express ex ante as a marginalized version of interim:𝑢 𝑗 (®𝑠) =
E𝑡𝑢 𝑗 (®𝑠 | 𝑡).
2Note that the player symmetry is ex ante (prior to drawing types); once types are
drawn the players are in distinct situations.



We learn the deviation payoff function, a mapping from mixed-
strategy profiles to vectors of expected utilities for unilateral strat-
egy deviations. Let 𝜎 ∈ Δ(𝑆) denote a mixed strategy, where Δ(𝑆)
is the probability simplex over the strategy set 𝑆 . Further, let ®𝜎 refer
to a symmetric mixed-strategy profile where all 𝑝 (or 𝑝 − 1) players
are playing according to 𝜎 . We define the ex ante and interim
deviation payoffs for deviating to strategy 𝑠 𝑗 :

𝑢 𝑗 ( ®𝜎) =
∑︁
®𝑠∈ ®𝑆

Pr(®𝑠 | ®𝜎)𝑢 𝑗 (®𝑠), (3)

𝑢 𝑗 ( ®𝜎 | 𝑡) =
∑︁
®𝑠∈ ®𝑆

Pr(®𝑠 | ®𝜎)𝑢 𝑗 (®𝑠 | 𝑡) . (4)

We can write the ex ante deviation payoff for strategy 𝑠 𝑗 using the
interim deviation payoff for strategy 𝑠 𝑗 :

𝑢 𝑗 ( ®𝜎) = E𝑡∼𝜇𝑢 𝑗 ( ®𝜎 | 𝑡) =
∫
𝑡

𝑢 𝑗 ( ®𝜎 | 𝑡)𝜇 (𝑡)𝑑𝑡 .

The ex ante deviation payoff function is given by the |𝑆 |-
dimensional vector 𝑢 ( ®𝜎) = [𝑢 𝑗 ( ®𝜎)], over 𝑠 𝑗 ∈ 𝑆 . Similarly, the
interim deviation payoff function is 𝑢 ( ®𝜎 | 𝑡). We use this unsub-
scripted lowercase 𝑢 throughout to denote a vector of deviation
payoffs. We define regret using deviation payoffs:

𝜖 ( ®𝜎) = max
𝑗

𝑢 𝑗 ( ®𝜎) − 𝜎 · 𝑢 ( ®𝜎). (5)

A symmetric Bayes-Nash Equilibrium (BNE) is a symmetric pro-
file ®𝜎 such that no player has an incentive to deviate; equivalently,
𝜖 ( ®𝜎) = 0. As empirical games are themselves approximations, we
focus on finding 𝜀-BNE, which are symmetric profiles ®𝜎 such that
𝜖 ( ®𝜎) ≤ 𝜀, where 𝜀 is small.

Parameterized Game Families. Let Γ(𝑣) denote the symmetric
Bayesian game instance where the environment parameter𝑉 takes
value 𝑣 . A parameterized game family, G(𝑉 ), is the set of game
instances {Γ(𝑣) | 𝑣 ∈ 𝑉 }. In the game family, all payoff functions
and functions that depend on payoffs (e.g., Eqs. 1–5) are param-
eterized by 𝑉 . Because regret depends on 𝑉 , a profile ®𝜎 that is
an 𝜀-BNE in one game instance may have regret larger than 𝜀 in
another game instance. Simulator payoff samples take the form
𝑈̃
(
𝑠 𝑗 (𝑡), ®𝑠 (®𝑡 ), 𝑡, ®𝑡, 𝑣).

4 LEARNING BAYESIAN GAME FAMILIES
Simulator queries are costly, and the results are noisy due to ran-
domness in strategies or in the game environment. We assume a
fixed budget of simulator queries for learning and validation, so we
must allocate queries across the parameter space, strategy space,
and type space. This simulation data is used to train a model rep-
resenting the deviation payoff function for a symmetric Bayesian
game family. We experimentally compare ex ante and interim game-
family learning methods. The ex ante method becomes equivalent
to the normal-form approach developed by Gatchel and Wieden-
beck [10] once types are abstracted away, and thus serves as our
baseline in the Bayesian setting.

4.1 Ex Ante Deviation Payoffs
We first train a neural network representing the ex ante deviation
payoff function 𝑢 : Δ(𝑆) × 𝑉 → R |𝑆 | , where 𝑢 𝑗 ( ®𝜎, 𝑣) is the pre-
dicted payoff a symmetric player would receive by deviating to

strategy 𝑠 𝑗 when all other players play according to ®𝜎 in game
instance Γ(𝑣). Let𝑚 denote the number of ( ®𝜎, 𝑣) pairs in our train-
ing set, let 𝑜 denote the number of observations per pair, and let
𝑄 = 𝑚 · 𝑜 . An observation for a given ( ®𝜎, 𝑣) and deviation strat-
egy 𝑠 𝑗 involves sampling ®𝑠 ∼ ®𝜎 and (𝑡, ®𝑡 ) ∼ 𝜇𝑝 , and querying
the simulator for 𝑈̃

(
𝑠 𝑗 (𝑡), ®𝑠 (®𝑡 ), 𝑡, ®𝑡, 𝑣). A training example has the

form ( ®𝜎, 𝑣) ↦→ [𝑢̃ 𝑗 ( ®𝜎, 𝑣)], where 𝑢̃ 𝑗 ( ®𝜎, 𝑣) is the sample average
of deviation payoffs across all observations for a given strategy
𝑠 𝑗 . The ground truth deviation payoff is given by 𝑢̃ 𝑗 ( ®𝜎, 𝑣) =
1
𝑜

∑𝑜
𝑖=1 𝑈̃ (𝑠 𝑗 (𝑡 (𝑖 ) ), ®𝑠 (𝑖 ) (®𝑡 (𝑖 ) ), 𝑡 (𝑖 ) , ®𝑡 (𝑖 ) , 𝑣),where (𝑡 (𝑖 ) , ®𝑡 (𝑖 ) ) ∼ 𝜇𝑝 and

®𝑠 (𝑖 ) ∼ ®𝜎 . We seek to minimize the training loss:

1
𝑚 · |𝑆 |

𝑚∑︁
𝑘=1

∑︁
𝑠 𝑗 ∈𝑆

(
𝑢̃ 𝑗 ( ®𝜎 (𝑘 ) , 𝑣 (𝑘 ) ) − 𝑢 𝑗 ( ®𝜎 (𝑘 ) , 𝑣 (𝑘 ) )

)2
. (6)

4.2 Interim Deviation Payoffs
In Bayesian games, sampling over types represents a distinct source
of noise in payoff estimates. By conditioning estimates on the de-
viator’s type, we can leverage type-specific information in each
sample. We therefore propose learning the interim deviation payoff
function, which is explicitly conditional on the symmetric devia-
tor’s type: 𝑢 : Δ(𝑆) × 𝑉 × 𝑇 → R |𝑆 | , where 𝑢 ( ®𝜎, 𝑣 | 𝑡) gives the
predicted vector of conditional deviation payoffs, [𝑢 𝑗 ( ®𝜎, 𝑣 | 𝑡)] for
each 𝑠 𝑗 ∈ 𝑆 in game instance Γ(𝑣). An interim training example
is a mapping ( ®𝜎, 𝑣, 𝑡 (𝑖 ) ) ↦→ [𝑢̃ 𝑗 ( ®𝜎, 𝑣 | 𝑡 (𝑖 ) )], where 𝑢̃ 𝑗 ( ®𝜎, 𝑣 | 𝑡 (𝑖 ) )
corresponds to the deviation payoff from a single observation. We
aim to minimize the training loss:

1
𝑄 |𝑆 |

𝑚∑︁
𝑘=1

𝑜∑︁
𝑖=1

∑︁
𝑠 𝑗 ∈𝑆

(
𝑢̃ 𝑗 ( ®𝜎 (𝑘 ) , 𝑣 (𝑘 ) | 𝑡 (𝑖 ) ) − 𝑢 𝑗 ( ®𝜎 (𝑘 ) , 𝑣 (𝑘 ) | 𝑡 (𝑖 ) )

)2
.

We can compute ex ante deviation payoffs from the interim by
marginalization:

∫
𝑡
𝑢 𝑗 ( ®𝜎, 𝑣 | 𝑡)𝜇 (𝑡)𝑑𝑡 . In practice, this can be done

via Monte Carlo integration by averaging predicted interim devia-
tion payoffs over many sampled deviator types. The marginalized
interim deviation payoff vector for ( ®𝜎, 𝑣) is approximated using 𝑛
Monte Carlo (MC) samples 𝑡 (𝑖 ) ∼ 𝜇 and the learned interim model:

𝑢 ( ®𝜎, 𝑣) = 1
𝑛

𝑛∑︁
𝑖=1

𝑢 ( ®𝜎, 𝑣 | 𝑡 (𝑖 ) ) .

5 USING LEARNED BAYESIAN GAME
FAMILIES

5.1 Deriving Equilibria
Adapting existing techniques [10, 19] to the Bayesian setting, we
run an approximate Nash-finding algorithm on each game instance
Γ(𝑣) using deviation payoffs predicted by the model: [𝑢 𝑗 ( ®𝜎, 𝑣)] (ex
ante) or [

∫
𝑡
𝑢 𝑗 ( ®𝜎, 𝑣 | 𝑡)𝜇 (𝑡)𝑑𝑡] (marginalized interim). The result-

ing mixed-strategy profile is a candidate 𝜀-equilibrium, ®𝜎∗, if
the predicted regret is at most 𝜀; otherwise, the algorithm did not
converge. We validate the candidate with a modest number of addi-
tional simulator queries to compute a high-fidelity regret estimate
of ®𝜎∗ in Γ(𝑣); if this too is at most 𝜀, the approximate equilibrium
is confirmed. Running the algorithm from multiple starting points
yields a set of equilibria suitable for any selection method.



5.2 Empirical Mechanism Design (EMD)
EMD is a motivating application for learned Bayesian game fami-
lies. Once trained, the game-family model can evaluate any game
instance within—and often beyond—the trained range, supporting
finer parameter searches than previous EMD approaches. When
used in an optimization algorithm, it eliminates the need to train
separate models at each iteration, reducing the algorithm’s depen-
dence on the sampling budget. See App. ?? for pseudocode.3

5.3 Piecewise-Conditional Strategies
In a BNE, no player can gain by deviating to another strategy in
𝑆 . If 𝑆 includes all mappings from type to action, then an ex ante
equilibrium is an interim equilibrium, as a player would also not
wish to deviate conditional on its own type. Given a restricted set
𝑆—the norm for empirical games—a player can often benefit by
deviating to a different strategy in 𝑆 once its type is revealed. We
consider a higher-order strategy that exploits such opportunities by
selecting a base-level atomic strategy 𝑠 ∈ 𝑆 conditional on revealed
type 𝑡 . We can approximate the optimal deviation by deriving a
piecewise best response to ( ®𝜎, 𝑣). Let C be a set of contiguous type
intervals partitioning 𝑇 . A piecewise strategy is a mapping 𝜓 :
C → 𝑆 that selects an atomic strategy for the interval containing 𝑡 .

The learned interim model can approximate the ex ante expected
payoff for playing a piecewise strategy in a given strategic context
(e.g., where opponents play the BNE). First, we collect a large set
of samples N from the type distribution 𝜇 (𝑇 ). Next, we compute
the deviation payoff vector conditioned on the deviator having a
type in interval 𝐶 ∈ C:

𝑢 ( ®𝜎, 𝑣 | 𝐶) = 1
|N𝐶 |

∑︁
𝑡 (𝑖 ) ∈N𝐶

𝑢 ( ®𝜎, 𝑣 | 𝑡 (𝑖 ) ), (7)

where N𝐶 = N ∩ 𝐶 . The piecewise best-response strategy, 𝜓 ,
assigns each interval 𝐶 the best-response strategy conditioned on
having type 𝑡 ∈ 𝐶:

𝜓 (𝐶) = arg max
𝑠 𝑗 ∈𝑆

𝑢 𝑗 ( ®𝜎, 𝑣 | 𝐶) (8)

We can equivalently express𝜓 as a mapping from types to atomic
strategies: for 𝑡 ∈ 𝐶 , 𝜓 (𝑡) ≡ 𝜓 (𝐶). Given 𝑢 ( ®𝜎, 𝑣 | 𝐶) and N𝐶 for
each 𝐶 ∈ C, the predicted deviation payoff for playing the
piecewise strategy against ®𝜎 is:

𝑢𝜓 ( ®𝜎, 𝑣) =
1
|N |

∑︁
𝐶∈C

|N𝐶 | · 𝑢𝜓 (𝐶 ) ( ®𝜎, 𝑣 | 𝐶). (9)

With 𝑁 simulator queries per ®𝑠 , a high-fidelity estimate of the true
deviation payoff for playing the piecewise strategy against ®𝜎 is:

𝑢̃𝜓 ( ®𝜎, 𝑣) =
1
𝑁

∑︁
®𝑠∈ ®𝑆

Pr(®𝑠 | ®𝜎)
𝑁∑︁
𝑖=1

𝑈̃ (𝜓 (𝑡 (𝑖 ) ), ®𝑠 (®𝑡 (𝑖 ) ), 𝑡 (𝑖 ) , ®𝑡 (𝑖 ) , 𝑣) .

(10)

6 DYNAMIC SPONSORED SEARCH AUCTIONS
Our case study evaluates game-family learning approaches for EMD
in a dynamic sponsored search auction. A sponsored search auc-
tion allocates ad slots on a search page to advertisers based on
3All appendices may be found in the arXiv version: https://arxiv.org/pdf/2502.14078

their bids. The publisher ranks bids based on the offered price—
typically adjusted by factors such as click-through rates and ad-
vertiser quality—and allocates slots in descending order of effec-
tive bids. Many studies model sponsored search as a one-shot
simultaneous-move game [7, 13, 21, 22], typically assuming perfect
information on the basis that advertisers learn about competitors
through repeated interactions. When a bidder submits a bid, they
may glean information based on the resulting state which may
be used to adjust their bid. This dynamic adaptation, however, is
abstracted away by one-shot models, which thereby do not capture
imperfect adaptation or transient effects.

Our formulation aims to capture a simple form of the missing
dynamics, by modeling a two-step bidding process. In the first stage,
players simultaneously submit their initial bid based only on their
valuation (type). Each player is then informed about their tentative
slot and its price, as well as the prices for other slots assuming
competitor bids remained fixed. In the second stage, they may up-
date their bid based on this observation. Updates are submitted
simultaneously, and each is received “on time” by the auction with
a specified probability. The final bids determine the slot allocations
and prices. For example, a strategy may set the initial bid to val-
uation minus two and the final bid as its optimal response to the
provisional state. As all players have the option to change their bids,
a player may sometimes be worse off by changing rather than keep-
ing their initial bid. Because the updates are only probabilistically
successful, players have an incentive to submit meaningful bids in
the first stage. This setup captures agents’ imperfect information
about opponents and their ability to gain information and adjust
heuristically through interaction in a single-shot game.

We study a symmetric dynamic auction with 5 players, 4 ad slots,
and 10 strategies. The game family is parameterized by a reserve
requirement 𝑟—the minimum effective bid to win a slot—typically
set by the publisher. The mechanism, applied to final bids, is a
weighted generalized second-price auction with quality-weighted
reserves and Varian preference model [22]. Each advertiser has a
quality score, 𝑞, and valuation, 𝜃 . To participate, a bidder’s effective
bid—its quality-weighted bid—must meet the reserve. See App. ??
for more details, including strategy specification.

7 EX ANTE VS INTERIM LEARNING
We evaluate deviation-payoff performance for two learned models
of the same Bayesian game family. The ex ante model inputs a
symmetric mixed strategy ®𝜎 and reserve 𝑟 . The interim model
also conditions on deviator quality score 𝑞 and valuation 𝜃 , and
its predictions are marginalized over (𝑞, 𝜃 ) for evaluation. With a
training budget of𝑄 simulator queries, we build six datasets satisfy-
ing𝑄 =𝑚 ·𝑜 , each containing𝑚 ( ®𝜎, 𝑟 ) pairs and 𝑜 observations per
pair; reserves range from 0.01 to 8. For each dataset, we train one
ex ante neural network (NN) on𝑚 examples (payoffs averaged over
the 𝑜 observations) and one interim NN on all𝑚 · 𝑜 observations.
See App. ?? for training details.

We use two test sets: a noisy, realistically sized dataset for a large
empirical game family, and a larger, less noisy dataset for method
validation. Our results show that with sufficient marginalization
samples, the interim model matches ex ante error, and exhibits

https://arxiv.org/pdf/2502.14078
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Figure 1: With sufficient marginalization samples, interim accuracy matches ex ante. Deviation payoff trends are consistent
(a) across the reserve range and (b) across datasets.

better extrapolation. Performance trends on both test sets are con-
sistent, suggesting the noisy test set provides reliable insights.

7.1 Model Learning (ML) Test Results
Fig. 1 compares deviation payoff errors among learned ex ante
and interim game-family models. We compute the mean squared
error (MSE) between ex ante or marginalized interim predictions
and the ground truth using Eq. 6; error bars show 95% confidence
intervals (CIs). We compute marginalized interim deviation payoffs
by averaging predicted interim payoffs over {1k, 2k, 5k, 10k}Monte
Carlo samples of deviator quality and valuation. Plot 1(a) shows
errors across the reserve price range, with test-set reserve prices
binned in intervals of width 0.5; performance is aggregated across
the six trained models for each method. The interim models with
5k and 10k Monte Carlo marginalization samples perform similarly
to ex ante, with only a slight performance decrease for interim
models with 2k and 1k marginalization samples. Plot 1(b) shows
model performance across training datasets, aggregated across the
reserve-price range. Relative performance trends across the five
methods are consistent across the six training datasets, suggesting
the trends are robust to different𝑚 and 𝑜 combinations. For further
discussion, see App. ??.

7.2 Fine-Grained Grid Mixture Results
For further evaluation, we construct a lower-noise dataset with
300 reserve prices (𝑟 ∈ [0.05, 15] in 0.05 steps), more mixed strate-
gies per reserve, and more observations per mixture (see App. ??).
Figs. 2 and 3 show deviation-payoff MSEs (95% CIs shaded) for ex
ante and interim models trained on 𝑟 ≤ 8, with errors computed as
before. Performance is aggregated across the six NNmodels for each
method. Fig. 2 shows that errors are now smaller and more uniform
across the reserve range, indicating that the learned models are
more accurate than the ML test set captured. Relative performance
is unchanged: interim models with 5k-10k Monte Carlo samples
match ex ante accuracy; all errors are small relative to payoff scale
(App. ?? Table ??).

Figure 2: All models perform better on the fine-grained
dataset than shown by the noisy ML test set (Fig. 1), but with
consistent trends.

As the parameter range covered by the training data must be
set prior to any game-theoretic analysis, it may be too narrow, so
extrapolation is beneficial for applications like EMD. Fig. 3 shows
error across the reserve range, with 𝑟 > 8 representing extrapo-
lation results. All marginalized interim models extrapolate well,
while ex ante error rises sharply in extrapolation. These results sug-
gest that interim models learn the relationship between 𝑞, 𝜃 , 𝑟 , and
deviation payoff: at high reserves, only bidders with 𝑞 · 𝜃 ≥ 𝑟 can
substantively participate, and those few can secure large deviation
payoffs by shading their bids. This extrapolation capability is a key
advantage of the interim learning approach.

To examine extrapolation performance over different ranges, we
train additional neural network models on subsets of the original
training data. We train both ex ante and interim models using only
samples with 𝑟 ≤ 𝑟 , for 𝑟 ∈ {1, . . . , 7} and each of the six initial
training datasets (2 functions × 6 datasets × 7 cutoffs = 84 total
NNs). All models use the same architecture and hyperparameter



Figure 3: Interim but not ex ante models extrapolate well
beyond the trained range, 𝑟 ∈ (0, 8] .

settings that were identified as optimal for their respective payoff
representation under the full training dataset. We evaluate models
on the fine-grained test set from Figs. 2 and 3.

Fig. 4 shows performance for models trained on datasets with
𝑟 ∈ {4, . . . , 7}. Each curve aggregates results across six neural net-
works, with confidence intervals shaded. Under training conditions
most similar to the original experiment (𝑟 ∈ {6, 7}), interim models
continue to extrapolate effectively, whereas ex ante models do not.
For 𝑟 ∈ {4, 5}, extrapolation performance is comparable between
the two methods. This difference is likely affected by the smaller
filtered datasets and fixed hyperparameters—each unit decrease in
𝑟 reduces the training dataset size by roughly 12.5% relative to the
original training set for which the architecture and hyperparame-
ters were tuned. It is also plausible that the interim method benefits
from learning conditional payoffs over a broader range, where the
relationship between environment parameter, type, and payoff is
more apparent. At lower maximum-reserve cutoffs, both methods
exhibit expected degradation in extrapolation performance due to
the limited training data. Together with Fig. 3, these results sug-
gest that when trained on ample data across a sufficiently wide
parameter range, interim—but not ex ante—models demonstrate
robust and consistent extrapolation. App. ?? provides statistics for
each filtered dataset, and shows ex ante and interim results for all
𝑟 values.

8 USING THE LEARNED BAYESIAN
GAME-FAMILY MODEL

8.1 Deriving Equilibria
To derive equilibria for each of the 300 game instances used in §7.2,
we separately run replicator dynamics (RD) [20] with each learned
model 𝑢 from fixed initial points. Fig. 5 shows the mean absolute
error between predicted and true4 regret across all candidate 0.01-
BNE returned by RD using each NN (circles) and overall (diamonds)
for the trained range (top) and in extrapolation (bottom). Both
methods achieve low regret error for candidate equilibria on the

4Throughout, “true” payoff or regret refers to a high-fidelity simulated estimate.

Figure 4: Extrapolation from training over various ranges.
For training conditionsmost similar to those themodelswere
tuned on, only interim models maintain strong extrapola-
tion performance. With smaller datasets and more restricted
ranges, ex ante and interim models perform comparably.

Figure 5: On the trained range (𝑟 ≤ 8), the interim method
has regret error comparable to ex ante. In extrapolation, the
interim method has lower error than ex ante.

trained range, but the ex ante method is unreliable in extrapolation,
with regret error around 𝜀 = 0.01.

Recall that 𝜖 ( ®𝜎) refers to predicted regret and 𝜖 ( ®𝜎) denotes (a
high-fidelity estimate of) the true regret. We classify mixed-strategy
profiles returned by RD into one of four categories:

Category Description
Did Not Converge 𝜖 ( ®𝜎) > 𝜀, mixture discarded
Dead Mixture 𝑢 is ®0, killing Nash-finding

Rejected Candidate Mixture 𝜖 ( ®𝜎) ≤ 𝜀; 𝜖 ( ®𝜎) > 𝜀

Confirmed Candidate BNE 𝜖 ( ®𝜎) ≤ 𝜀; 𝜖 ( ®𝜎) ≤ 𝜀

Table 1 reports statistics on the percentage of rejected candidate
mixtures, percentage of dead mixtures, and number of holes, sep-
arated by game instances within trained range (𝑟 ≤ 8) and in



extrapolation (𝑟 > 8). A hole occurs when there are no confirmed
BNE approximated by the model for a given game instance. Consis-
tent with Fig. 5, both methods perform well on the trained range,
with a candidate mixture rejection rate below 3% across all neural
network models. In extrapolation, however, between 40% and 50%
of mixtures derived by an ex ante model are rejected. Furthermore,
for approximately 9% of RD runs with ex ante models, the predicted
payoff vector consists entirely of zeros, effectively “killing” the RD
update process. Collectively, this results in substantial holes in the
expected revenue curve: ex ante revenue curves have at least 51
holes, and for 51 game instances (17%) none of the six ex ante mod-
els identify an equilibrium that is confirmed. Additional details and
full RD mixture classification results are provided in App. ??.

Table 1: Summary of RD mixture classification results.

Range Metric Ex Ante Interim (1k MC)

𝑟 ≤ 8
Rejected NE

Min 0.51% 0.51%
Avg 1.58% 1.52%
Max 2.84% 2.50%

𝑟 > 8

Rejected NE
Min 39.87% 0.00%
Avg 43.71% 1.85%
Max 50.00% 4.29%

Dead Mixture
Min 0.71% 0.00%
Avg 8.69% 0.00%
Max 15.71% 0.00%

Num Holes
Min 51 0
Avg 69.17 2.17
Max 77 6

8.2 Application to Empirical Mechanism Design
Our objective is to identify the reserve price(s) that maximize ex-
pected revenue in equilibrium. Game-family learning facilitates the
approximation of multiple, distinct BNE, improving the robustness
of statistics computed based on the 𝜀-BNE set (e.g., worst case, av-
erage, max entropy). While the appropriate equilibrium selection
method is domain-dependent, we found that relying on the first-
returned equilibriumwas unreliable, as neighboring game instances
sometimes had different equilibria, affecting revenue smoothness.

8.2.1 Grid Optimization. We first conduct a grid search on the
average expected revenue curve using the 𝜀-BNE sets from §8.1.
Fig. 6 shows expected revenue in equilibrium across all confirmed
equilibria found by each (a) ex ante and (b) interim model. The
overall shape of revenue curves is consistent across models, demon-
strating the effectiveness of conducting EMD with a learned game
family. For some game instances, the curves diverge: each learned
model may derive distinct—yet still valid—equilibria, and small
shifts in the set of equilibria derived can translate into noticeable
differences in the objective. Training multiple models (on same or

different data) and evaluating the objective on the full set of equilib-
ria derived may address this challenge. Moreover, the presence of
multiple equilibria and the possible need for extrapolation suggest
that learning the objective function directly would be insufficient.

(a)

(b)

Figure 6: Expected revenue for equilibria derived by (a) ex
ante and (b) interim models.

In extrapolation, the ex ante curves exhibit significant gaps
where every candidate equilibrium is rejected. Relying solely on
an ex ante revenue curve leaves the possibility of a second revenue
peak around 𝑟 = 11. In contrast, with any interim model we have
confidence that the optimal reserve is below 9, and interim extrap-
olation is crucial for this confirmation. Although no single optimal
reserve price emerges, identifying the optimal revenue plateau (e.g.,
6 ≤ 𝑟 ≤ 8) remains valuable as optimal plateaus have been present
in past EMD studies [4]. Worst-case expected revenue results are
provided in App. ??.

8.2.2 Local Search Optimization. We compare using ex ante and
interim models in stochastic hill climbing and simulated anneal-
ing local search algorithms (described in App. ??). Stochastic hill



climbing terminates when all uphill neighbors have been explored
(𝑟 ± 0.05, 𝑟 ± 0.1, 𝑟 ± 0.25) or after 50 iterations. Simulated annealing
terminates after 50 iterations, but typically evaluates a comparable
number of game instances due to initial high temperature caus-
ing repeated selections. To evaluate a given game instance with
learned model 𝑢, we run RD with 𝑢 (using 1000 Monte Carlo type
samples for interim) starting from the same initial mixtures as in
the previous section. We use model 𝑢 to compute predicted regret,
and identify candidate equilibria. Expected revenue for a candidate
equilibrium ®𝜎 is approximated by sampling 100 pure profiles from
®𝜎 , and computing average revenue across 10,000 auction settings
for each pure profile. The expected revenue in equilibrium is the
average revenue across all candidate equilibria. After search termi-
nation, we identify the game instance with the highest revenue in
equilibrium, and use true deviation payoff samples to determine
the set of confirmed equilibria. The final reported expected revenue
in equilibrium is the average revenue over all confirmed equilibria.

Fig. 7 shows 95% bootstrap confidence intervals for optimal
expected revenue in equilibrium from hill climbing (HC) and simu-
lated annealing (SA) using ex ante (EA) or interim (I) models. For
each combination, we perform 50 random 𝑟 restarts for robust eval-
uation. As 5 restarts is more practically realistic, we sample 5 (of 50)
restart experiments with replacement, and determine the game
instance with the max revenue for confirmed equilibria. We repeat
this process 100,000 times, and plot 95% confidence intervals around
the mean optimal expected revenue for confirmed equilibria. For
each model, we also plot the maximum expected revenue based on
grid optimization. In nearly all cases, the upper confidence bound
aligns with the optimal value from grid optimization. Note that
Nash approximation with ex ante models is deterministic whereas
Nash approximation with interim is not, which is why the interim
confidence interval may extend beyond the max revenue from grid
optimization. The decrease in max revenue from grid optimization
to average max revenue in local search is less than 2.25%. This
is notable considering the granularity (𝛿 = 0.05, 0.05 ≤ 𝑟 ≤ 15)
and that local search evaluates only 30-50% of the game instances
on average compared to grid optimization (App. ?? Fig. ??). This
experiment highlights the effectiveness of local search with learned
game families and a modest number of restarts.

8.3 Piecewise-Conditional Strategies
Without additional simulation or training, we use the learned in-
terim model to (1) compute a piecewise best-response strategy to
an 𝜀-BNE, and (2) quantify the payoff gain by playing this strategy
while opponents play the 𝜀-BNE. We reduce the type space to a sin-
gle dimension by using𝑞 ·𝜃 , which represents a deviator’s maximum
effective bid. We partition this type space into |C| = 5 equiprobable
intervals. For a given 𝑟 and confirmed ®𝜎BNE , we use the learned
interim model to compute𝜓 according to Eq. 8 with |N | = 100, 000
sampled values of 𝑞 and 𝜃 . The predicted deviation gain from ®𝜎BNE
to𝜓 is 𝑢𝜓 ( ®𝜎BNE, 𝑟 ) − ®𝜎BNE · 𝑢 ( ®𝜎, 𝑟 ), where 𝑢𝜓 is given by Eq. 9 and
𝑢 is the marginalized interim deviation payoff vector. The corre-
sponding high-fidelity gain, 𝑢̃𝜓 ( ®𝜎BNE, 𝑟 ) − ®𝜎BNE · 𝑢̃ ( ®𝜎BNE, 𝑟 ), uses
Eq. 10 for 𝑢̃𝜓 .

Fig. 8 compares predicted and true gains for playing 𝜓 in re-
sponse to equilibria in optimal game instances identified via grid

Figure 7: Local searchwith learned game families and limited
restarts identifies high-revenue game instances comparable
on average to grid optimization.

optimization. For each 𝑟 , interim NN, and confirmed 𝜀-BNE, we
compute𝜓 and its corresponding predicted and true payoff gains;
each point shows the mean gain across all 6 NNs and the equilibria
they derived. The gains from deviation entail a corresponding re-
gret for the profile they are deviating from in a game with the 𝜓
added to 𝑆 . In other words, the derived BNE candidates have been
refuted as 0.01-BNE. Extending the learned Bayesian game family
model to include these composite strategies would be needed to
derive new equilibria and optimal mechanism parameters in the
augmented game family.

Figure 8: A player can gain payoff larger than 𝜀 = 0.01 by
playing a piecewise best response (𝜓 ) to an 𝜀-BNE compared
to playing the 𝜀-BNE.

9 CONCLUSION
Through an in-depth EMD study of a dynamic sponsored search auc-
tion, we demonstrate the advantages of learning an interim model
for Bayesian game families. It achieves low payoff error across
the trained parameter range and in extrapolation, and is overall
more reliable at approximating Bayes-Nash equilibria than the ex
ante model. Its extrapolation capability enables confident identifi-
cation of the optimal reserve range via grid optimization. Finally,
the model supports the computation of piecewise best-response
strategies without additional sampling, which may effectively guide
expansion of the strategy set.
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